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show that the thermal-expansion coefficients and the piezoelectric
coefficients must depend on the stresses. This has been verified
experimentally for the former case, but no pertinent experimental
results are available to verify or to refute the latter.

Appendix: One-Dimensional Case

The axial stress in a slender, piezothermoelastic bar made of an
orthorhombic crystal of class mm2 (Ref. 8) can be expressed as

o1 =Q0ne —eynEs — 4 - (T —Tpy) (AD)

where 1 and 3 are, respectively, the axial and thickness coordinates;
Q1 is the axial elastic stiffness; and e3; is the only nonzero piezo-
electric coefficient. The thermoelastic coefficient is given by

A= 0o (A2)

where o is the axial thermal-expansioncoefficient.

Differentiating Eq. (A1) and using transformations similar to
those described in the section Analysis of Thermoelastic Coeffi-
cients yields
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Finally, the counterpartof Eq. (20) is found to be
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Because F = F(oy, E;3, T), it follows that the axial stress affects
the axial thermal-expansioncoefficientat temperaturedifferentfrom
the reference value provided that the stiffness depends on temper-
ature. It is well known that for typical piezoelectric materials® Q|
does vary with T'.

Also, itis noted that, if E5 # 0 and e;; dependson 7', the thermal-
expansion coefficient depends on Ej as well.
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I. Introduction

HE dynamic stability of thin, isotropic cylindrical shells un-

der combined static and periodic axial forces is studied using
three common thin-shell theories, namely, Donnell’s,! Love’s,? and
Fliigge’s® shell theories. A main feature of this work is that, for
each shell theory, the contribution of the stresses due to the exter-
nal forces is accounted for according to the assumptions made in
that particular shell theory. This is an extension of Ref. 4, in which
consideration for the axial loading was based only on Donnell’s!
theory.

Studies of buckling of thin-walledisotropic cylinders under axial
compression, torsionalloadings, bending, hydrostatic pressure, and
lateral pressure have been extensively covered. However, structural
componentsunder periodicloads can undergo parametricresonance
that may occur over a range of forcing frequencies, and if the load is
compressiveto the structure,resonanceor instability can and usually
does occur even if the magnitude of the load is below the critical
buckling load of the structure. It is thus of prime importance to
investigate the dynamic stability of dynamic systems under periodic
loads. The parametric resonance of cylindrical shells under axial
loads has become a popular subject of study. It was first examined
by Bolotin,’ Yao,’ and Vijayaraghavan and Evan-Iwanowski.” For
thin cylindrical shells under periodic axial loads, the method of
solutionis almost always first to reduce the equations of motionto a
system of Mathieu-Hill equations. The dynamic stability for such a
system of equations can then be analyzed by a number of methods.

In the present analysis, the dynamic stability of thin, isotropic
cylindrical shells under combined static and periodic axial forcesis
studied using three different shell theories: Donnell’s,! Love’s,” and
Fliigge’s.> The treatment of the stresses due to the external load-
ings is done based on the assumptions made in that shell theory.
A normal-mode expansion yields a system of Mathieu-Hill equa-
tions, and the parametric resonance response is analyzed based on
Bolotin’s® method. The present formulation of the problem is also
made general to accommodate any boundary conditions, but for rea-
sons of simplicity, the comparison study is carried out only for the
case of simply supported boundary conditions. Numerical results of
the instabilityregions are presented and are compared with those of
Ref. 4.

II. Theory and Formulation

The cylindrical shell considered is as in Ref. 4, a thin, uniform
shell of length L, thickness %, and radius R. The extensional pul-
sating axial load is given by

N,(x,t) = N, + N, cos Pt 1)

where P is the frequency of excitation in radians per unit time.

In the present analysis, three shell theories for a thin-walled
cylindrical shell are compared. They are Donnell’s,' Love’s,> and
Fliigge’s’ theories for thin cylindrical shells. The theoretical formu-
lation follows that of Ref. 4, but the consideration for the dynamic
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axial loading is based on the assumptions of each of the shell theo-
ries considered.In Ref. 4, the dynamic axial loading was considered
based on Donnell’s! theory for all of the shell theories examined.

Thus, the unified governing equations of motion for the dynamic
stability analysis of a thin cylindrical shell under pulsating axial
load N, is given by

N,  1oNo,  10Mo, 2 ou
o toe =p=s
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where y; (i=1,2,3) are tracers used to unify the equations
of motion for the three shell theories used. The tracers ¢
(i=1,2,3) are used to unify the equations of motion, where
the treatment for the pulsating axial load N, varies for the
three shell theories. The values of the tracers for Donnell’s!
theory are vy, v,, 3, &, &, 4 =0,0,0, 1,0, 0. For Love’s® the-
ory, v, Y, 3, &, &, =0, 1, 1, 1, 1, 0, and for Fliigge’s’ theory,
Vi, Y2, V3, c:l’ 42’ Cfi :O’ 1’ 1’ 1’ 1’ 1.

The equations of motion by Love’s® theory differ from those of
Fliigge’s® in that the force component due to N, for the equilib-
rium along the u direction is neglected. The equations of motion
by Donnell’s' theory assume that the shear component in the 6
direction [OM, ¢/ Ox + 1/ a(0M,/ 00)] can be neglected. They also
assume that the curvature v along the x direction can be neglected.

The following nondimensionalized parameters are introduced to
simplify the formulation:
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where o is the natural frequency of the cylindrical shell under the
constant axial load N,,, with the oscillating component N, = 0.

If the shell assumed is simply supported, there exists a solution
for the equations of motion given by the form

Upp = Ann € cos(mmx/ L) cosn® (6)
Upn = By, € sin(mnx/ L) sinn® @)
Wy = Cpy € sin(mrx/ L) cosn0 ®)

where n represents the number of circumferential waves and m
represents the number of axial half-waves in the corresponding
standing-wave pattern.

The equations of motion can be solved by using an eigenfunction
expansionin terms of the normal modes of the free vibrations of a
cylindrical shell under a constant axial load N, with the oscillating
component N; = 0. Substitution of Egs. (6-8) into the equations of
motion, which are a set of three coupled homogeneous equations,
yields a cubic frequency equation when the determinantis equated
to zero. Thus, for eachm and n, there exist three roots corresponding
to the transverse, axial, and circumferential modes.
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To solve the equations of motion that include the oscillating com-
ponent N, a solution is sought in the following form, where all of
the modes are superimposed:

U Z Z Z Apnj G (F) €08 A x cosn® — (9)

3 0o 00
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where G,,,; (7) is a generalized coordinate and
Ay =mmul L (12)

Thus, substituting Egs. (9-11) into the equations of motion (2)
and simplifying yields
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where

rmnj = Amnj/ Cmnj (16)
ﬂmnj = anj/ Cmnj (17)

Making use of the orthogonality condition, we multiply Eq. (13)
by I, cosA.x coss0, Eq. (14) by B, sin A, x sins 6, and Eq. (15)
by sinA,x coss6. We then add the three resulting equations and
integrate over the surface of the cylinder. This yields the following
set of equations:

M,,q, + (K;; — cos piQ;))g, =0 (18)

where M;;, K,;, and Q;, are matrices and ij, and ¢, are column
vectors consisting of §,,,,,; and G, -
The subscriptsr, s,i,m, n, j, I, and J have the following ranges:
i,j=1,2,3;r,s,m,n=1,2,...,N;and I, J =1,2,...,3N>.
The matrices M;;, K;;, and Q;, are given as

2
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K, =M,;,d (20)
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III. Stability Analysis

Equation(18)isin the form of a second-orderdifferentialequation
with periodic coefficients of the Mathieu-Hill type. The dynamic
stability analysis is based on Bolotin’s> method and can be found in
Ref. 4.

IV. Numerical Results and Discussion

For the present results, Poisson’s ratio v is taken to be 0.3. Each
unstable region is bounded by two curves originating from a com-
mon point from the p axis with 7, =0. For the sake of tabular
presentation, the angle subtended, O, is introduced. Its definition is
given in Ref. 4.

For periodic compressive loads, the compressive axial loads
should not exceed the critical buckling load 7., of the cylindrical
shell. For cylindrical shells of intermediate length, as in the cases
used here, the bucklingload given by Timoshenko and Gere,® which
is also used in Ref. 4, is

e = Po[(1 — V) Eh] (22)

The effects of variation of the lengthratios L/ R and the thickness
ratios R/ h for the fundamental instability region of a cylindrical
shell under a tensile loading of 1, = 0.1n,, are shown in Tables 1-3.
The results are compared with those of Ref. 4, in whichloading con-
ditions were modeled according to assumptions made in Donnell’s!
theory for all of the different shell theories used.

Both sets of results show similar trends in terms of dynamic be-
havior. The points of origin of the unstable regions are lower for
the longer and thinner shells. Also, the sizes of the fundamental
unstable regions decrease with increased cylinder length. Both sets

Table1 Unstable regions associated with the fundamental modes for a shell under tensile loading of 7, = 0.17,,
at various R/h ratios and L/R =2

R/ h =100, R/ h=110, R/ h=120,
fundamental mode (1, 5) fundamental mode (1, 5) fundamental mode (1, 5)

Theory Present Reference 4 Present Reference 4 Present Reference 4
Donnell!

p(x1071) 2.3966085 2.3966085 2.2974519 2.2974519 2.2182939 2.2182939

0 (x107%)  5.4034474 5.4034474 5.1245751 5.1245751 4.8656016 4.8656016
Love?

p(x1071) 2.3644021 2.3586483 2.2700992 2.2647545 2.1948460 2.1898602

0 (x107%) 57014782 5.4893049 5.3989275 5.1976332 5.1192753 4.9280201
Fliigge®

p(x1071) 2.3716829 2.3668536 2.2763895 22718157 2.2003332 2.1959959

0 (x107%)  5.6980983 5.4706654 5.3973476 5.1818136 5.1191553 4.9145404

Table 2 Unstable regions associated with the fundamental modes for a shell under tensile loading of 7, = 0.17,,
at various R/h ratios and L/R =5

R/ h =100, R/ h=110, R/ h=120,
fundamental mode (1, 3) fundamental mode (1, 3) fundamental mode (1, 3)

Theory Present Reference 4 Present Reference 4 Present Reference 4
Donnell!

p(x1071) 0.9572622 0.9572622 0.9292900 0.9292900 0.9071538 0.9071538

0 (x107%)  2.0227872 2.0227872 1.8946057 1.8946057 1.7794501 1.7794501
Love?

p(x1071) 0.9336408 0.9284480 0.9096135 0.9048069 0.8862943 0.8835154

0 (x107%) 23072559 2.0848530 2.1534687 1.9453175 2.0309892 1.9165997
Fliigge®

p(x1071) 0.9387206 0.9338362 0.9139379 0.9093776 0.8917600 0.8892861

0 (x107%) 23031299 2.0730090 2.1510647 1.9356816 2.0212832 1.9043277

Table 3 Unstable regions associated with the fundamental modes for a shell under tensile loading of 7, = 0.17,,
at various R/h ratios and L/R = 10

R/ h =100, R/ h=110, R/ h=120,
fundamental mode (1, 6) fundamental mode (1, 6) fundamental mode (1, 6)

Theory Present Reference 4 Present Reference 4 Present Reference 4
Donnell!

p (x1072) 4.7899298 4.7899298 4.6919409 4.6919409 4.6147815 4.6147815

0 (x107%)  0.8976778 0.8976778 0.8333198 0.8333198 0.7768298 0.7768298
Love?

p (x1072) 4.6334781 4.5839896 4.5642140 4.5187263 4.3922142 4.3697829

0 (x1073) 1.1612415 0.9376017 1.0721156 0.8649618 1.0247256 0.9268837
Fliigge®

p (x1072) 4.6660968 4.6179227 4.5916810 4.5471908 4.4338792 4.4130819

6 (x1073) 1.1582715 0.9307977 1.0704416 0.8596118 0.9705777 0.9178957
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of results also show that the three shell theories, with the exception
of Donnell’s' theory, agree well with each other, in terms of both
pointof origin and size. This trend regarding the relative accuracies
between shell theories was also observed and reported by Lam and
Loy in the free-vibration analysis of rotating laminated cylindrical
shells. Itis also observedthat, as the lengthratio L/ R increased, the
agreementbetween Donnell’s! theory and the other two theories de-
teriorates. This too was noted by Lam and Loy” in the free-vibration
analysis.

In the present results, for relatively shorter shells of length ratio
L/ R =2, Donnell’s' theory gives results in terms of the instability
region size that are 5—6% higher or less conservative than those of
the other two theories. For shells of L/ R =5, the correspondingre-
sults are 13—14% less conservative, and for relatively longer shells
of L/ R =10, the correspondingresults are 29-31% less conserva-
tive. The major difference between the present results and those of
Ref. 4 is that the present results are considerably more conserva-
tive, in terms of instability region size, for Love’s? and Fliigge’s’
theories. For shorter shells of length ratio L/ R =2, the present re-
sults for Love’s and Fliigge’s theories are about 4% more conserva-
tive than those of Ref. 4. For shells of L/ R =35, the present results
are about 11% more conservative, and for relatively longer shells
of L/ R =10, the present results are 24% more conservative. The
present results also indicate that Love’s theory generates the most
conservative results.

V. Conclusion

Three shell theories—Donnell’s,! Love’s,> and Fliigge’s*—were
used in the dynamic stability analysis of simply supported, thin,
isotropic cylindrical shells under combined static and periodic ax-
ial forces, where a system of Mathieu—Hill equations was obtained
via a normal-mode expansion of the equations of motion, and the
parametric resonance response was analyzed by using Bolotin’s’®

method. The main feature of this work is that, for each shell the-
ory considered, the contribution of the stresses due to the external
forces is accounted for according to the assumptions made in that
theory. The results showed that this consideration yielded consid-
erably more conservative results for Love’s and Fliigge’s theories
when compared with corresponding existing results,* where con-
sideration for the axial loading was based on Donnell’s theory for
all of the different theories used.

References

"Donnell, L. H., “Stability of Thin Walled Tubes Under Torsion,” NACA
Rept. 479, 1933.

2Love, A. E. H., A Treatise on the Mathematical Theory of Elasticity, 4th
ed., Cambridge Univ. Press, New York, 1952, Chap. 24.

3Flijgge, W., Stresses in Shells, Springer—Verlag, Berlin, 1933, Chap. 5.

4Lam, K. Y., and Ng, T. Y., “Dynamic Stability Analysis of Cylindrical
Shells Subjected to Conservative Periodic Axial Loads Using Different Thin
Shell Theories,” Journal of Sound and Vibration, Vol. 207, No. 4, 1997, pp.
497-520.

SBolotin, V. V., The Dynamic Stability of Elastic Systems, Holden-Day,
San Francisco, 1964, Chap. 14.

%Yao, J. C., “Nonlinear Elastic Buckling and Parametric Excitation of a
Cylinder Under Axial Loads,” Journal of Applied Mechanics, Vol. 29, March
1965, pp. 109-115.

7Vijayaraghavan, A., and Evan-Iwanowski, R. M., “Parametric Instability
of Circular Cylindrical Shells,” Journal of Applied Mechanics, Vol. 31, Dec.
1967, pp. 985-990.

8Timoshenko, S. P., and Gere, J. M., Theory of Elastic Stability, McGraw—
Hill, New York, 1961, Chap. 11.

9Lam, K. Y., and Loy, C. T., “Analysis of Rotating Laminated Cylindrical
Shells Using Different Shell Theories,” Journal of Sound and Vibration, Vol.
186, No. 1, 1995, pp. 23-35.

G. A. Kardomateas
Associate Editor



